Characterizing Topological Order in Superconducting Systems 
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Two established frameworks account for the onset of a gap in a superconducting system: one is 
based on spontaneous symmetry breaking via the Anderson-Higgs-Kibble mechanism, and the other 
is based on the recently developed paradigm of topological order. We show that, on manifolds with 
non trivial topology, both mechanisms yield a degeneracy of the ground state arising only from 
the incompressibility induced by the presence of a gap. We compute the topological entanglement 
entropy of a topological superconductor and argue that its measure allows to distinguish between 
the two mechanisms of generating a superconducting gap. 
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The discovery of the fractional quantum Hall liquids 
(FQHLs) Q led to a new understanding of strongly cor- 
related electron systems and to the idea of a new type 
of quantum order called topological order. Quantum 
order in general describes the zero-temperature proper- 
ties of strongly entangled quantum ground states not 
arising from spontaneous symmetry breaking (SSB). A 
very surprising property exhibited by FQHLs is that, 
due to repulsive interactions and strong correlations be- 
tween electrons, they give rise to an incompressible state 
even when the first Landau level is only partially filled at 
some "magical" filling fraction and all bulk excitations 
have a finite gap; no order parameter is available for this 
state. To explain these features Wen 0] introduced the 
paradigm of topological order as a special type of quan- 
tum order whose hallmarks are the presence of a gap for 
all excitations (incompressibility) and the degeneracy of 
the ground state on manifolds with non-trivial topology. 
Due to incompressibility, at low energies, the dynami- 
cal degrees of freedom of a FQHLs are only gapless edge 
excitations, which may be used to characterize the var- 
ious topological orders [H. For fractional quantum Hall 
systems another important hallmark is the presence of 
excitations carrying fractional charge and fractional spin 
and statistics 

The long distance behavior of systems exhibiting topo- 
logical order is usually described by incompressible fun- 
damental (e.g. single-layer FQHLs) or non-fundamental 
(e.g. double-layer FQHLs) fluids. The simplest exam- 
ple of a 2D topological fluid Q is characterized by a 
ground-state described by a low-energy effective action 
given solely by the topological Chern-Simons (CS) the- 
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describing a compact U(l) gauge field whose dual field 
strength = e^ va d u A a is interpreted as the conserved 
matter current; the degeneracy of the ground state on a 
manifold of genus g is given by k 9 (or {k\k2) a if k = fei/fe 
is a rational number). 

In Q a superconductivity mechanism based on a topo- 
logically ordered ground state has been proposed. The 
dominant term in the action describingthese supercon- 
ductors is the topological BF action Q. The BF ac- 
tion, in (D+l) dimensions, describes the coupling be- 
tween an antisymmetric tensor field B p and the curvature 
F = dA]j^ p of a tensor , and it is given by: 
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In its application to superconductivity the action given 
in eq. ^ is invariant under P-and T- symmetry and is re- 
lated to non-chiral fundamental incompressible fluids. A 
remarkable realization of this mechanism of superconduc- 
tivity is provided by Josephson junction arrays (JJAs) 
Q. In fact, the action of JJAs can be exactly mapped 
onto an Abclian gauge theory with two gauge fields de- 
scribing a current of charges and a current of vortices 
coupled by a mixed Chern-Simons term Q: 
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We refer to this model as a fundamental BF model, since 
(|3]) is derived from the microscopic model and does not 
describe only the low energy degrees of freedom as is the 
case of effective theories. The Abelian gauge theory ex- 
actly reproduces the phase diagram of JJAs and the insu- 
lator/superconductor quantum phase transition at T=0 
0- The insulating phase turns out to be dual to the 
superconducting phase and it is also topological. Global 
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superconductivity in planar JJA is thus the simplest ex- 
ample of the mechanism of superconductivity proposed 
in p . JJA have also been recently considered by several 
other authors @ , as controllable devices exhibiting topo- 
logical order. Of course, planar JJAs with open bound- 
ary conditions do not exhibit ground state degeneracy. 
To see a ground state degeneracy one should require pe- 
riodic boundary conditions implementing a torus topol- 
ogy; toroidal arrays arc not difficult to realize in practice 

Abelian effective CS theories are only one of the two 
candidates to describe the long-distance properties of 
fundamental topological fluids: the other is given by 
Wi-i-oo minimal models; indeed, Abelian CS theories de- 
scribe special cases of quantum incompressible fluids, but 
not all of them. 



Ill, the W- 



l+oo 



minimal 



As evidenced in 
models are not described by Abelian CS theories since, 
while all the Abelian CS theories have a dynamical Wi+oo 
symmetry algebra, the contrary is not true. 

It should be stressed that Wi+oo models imply non- 
Abelian fractional statistics even for fundamental quan- 
tum Hall fluids, although they are not described by non- 
Abelian CS models. Intuitively, a model of a topo- 
logical fluid based on the Wi+oo algebra is "more in- 
compressible" than its CS counterpart since it supports 
less degrees of freedom and yields a different entangle- 
ment entropy. Non-Abelian CS models have been pro- 
posed, indeed, as effective theories for composite, non- 
fundamental quantum incompressible fluids, e.g. double- 
layer quantum Hall systems; as such they are not best 
suited to study the fundamental mechanism at the ori- 
gin of quantum incompressibility. As evidenced in fl2l ]. 
non- Abelian CS models can be viewed as cosets of Wi+oo 
fundamental models and this naturally reflects their com- 
posite character. 

Topological field theories emerge naturally also in de- 
scribing superconductors. It is well known [13[ that the 
degrees of freedom of an Abelian U(l) Higgs model spon- 
taneously broken to Z^ (N = 2 for conventional su- 
perconductivity) are charges ne (n = N — 1) and 

vortices j^-(k = N — 1). While Coulomb interac- 
tions are screened in the broken phase, Aharonov-Bohm 
interactions are not and the latter are described by effec- 
tive BF theories described by the action given in eq.([2|). 
In (2+1) dimensions cq.([2|) is the action of a mixed CS 
model eq.(fT]); here, the gap and the ground state degen- 
eracy are due to the breaking U(l) — > Zm- 

Mixed CS models have recently attracted a wide in- 
terest [HI to describe topological fluids in various con- 
texts. As already mentioned, Abelian mixed Chern- 
Simons models emerge naturally as an effective theory 
of the low-energy long -distance properties of supercon- 
ductors no matter what is the microscopic mechanism by 
which the gap is opened. In this paper we shall evidence 
that, for superconducting systems, quantum incompress- 
ibility alone (i.e. the emergence of a gap) is enough to ac- 
count for all the features normally associated with topo- 
logical order in 2D, like the emergence of a ground state 



degeneracy on spaces with non trivial topology and of ex- 
citations with fractional charge and statistics. The gap 
can be of different origin: SSB or topological, but we will 
show that this has no influence on the kinematics of the 
resulting incompressible fluid. 

There is a difference in the ground state degene racy be- 
tween topological and standard superconductors |l5[ and 
this allows to distinguish between the two microscopic 
mechanisms by which the superconducting gap is opened: 
indeed, for topological superconductors the ground state 
degeneracy is entirely determined by the coefficient k of 
the BF action while, for standard superconductors, the 
ground state degeneracy is due entirely to the SSB of 
U(l) — > Zm- As a result, there is a remarkable difference 
in the ground state degeneracy exhibited by the stan- 
dard superconductors in (2+1) dimensions analyzed in 
[HI and the topological superconductors analyzed in 
this is indeed relevant since, as we show in this paper, by 
computing the entanglement entropy of the ground state 
[lj} , it becomes possible to distinguish between topologi- 
cal and standard superconductors. Since an experimental 
footprint of the entanglement entropy may be observed 
in transport measurements in strongly correlated systems 
(ljjj . one may envisage that similar effects may be evi- 
denced in toroidal JJA's. 

Our subsequent analysis is based on the observation 
that, once there is a gap, no matter what is its origin, 
the ground state has the universal properties of a funda- 
mental quantum incompressible fluid characterized by a 
dynamical Wi +!yo symmetry algebra (or VFi+oo ® Wi+oo 
if they are not chiral as in the BF model we are inter- 
ested in) for the edges excitations both for topological 
and standard superconductors. As already pointed out 
in [l^ | , the symmetry under quantum area preserving dif- 
feomorphisms arising from the tquantum incompressibil- 
ity alone is enough to account for the emergence of both 
a ground state degeneracy and fractional spin and statis- 
tics. Thus, looking only at the edges excitations does not 
provide useful information to distinguish between topo- 
logical and standard superconductors; at variance, count- 
ing the ground state degeneracy provides a way to char- 
acterize these two very different microscopic mechanism 
of opening a superconducting gap. 

In section II we analyze incompressible fluids on a 
torus: our aim here is to show that ground-state degener- 
acy arises only from incompressibility. For this purpose 
we show that, no matter how the gap is opened, once 
one has an incompressible fluid on a torus, the emerging 
dynamical algebra, namely the Fairlie, Fletcher and Za- 
chos trigonometric algebra [20| |. is -by itself- enough to 
account for the ground state degeneracy; as a result, ev- 
ery incompressible fluid has ground state degeneracy on a 
torus. We evidence how the Wi +OQ algebra emerges as a 
dynamical quantum symmetry group of Abelian CS theo- 
ries and how the Wi +00 <g> Wi +oc arises for the BF model. 
We then argue that, for pure CS theories, it is possible 
to relate directly the generators of the large gauge trans- 
formations (determining the ground state degeneracy of 
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a CS theory j21() with those of the area preserving dif- 
feomorphisms. Finally, we show that the ground state 
degeneracy is affected by the how the gap originates. In 
Section III we analyze incompressible fluids on manifolds 
with boundaries: there, we show that the Abelian mixed 
CS theory possess the full Wi+oo dynamical symmetry 
algebra. Moreover, using the holographic partition func- 
tions, we show that, despite the fact that once the gap is 
opened both superconductors share the properties of an 
incompressible fluid, a measure of the topological entan- 
glement entropy may distinguish between the two. Sec- 
tion IV is devoted to a few concluding remarks. 



II. INCOMPRESSIBLE FLUIDS ON A TORUS 

The configurations of 2D incompressible fluids are 
spanned by area-preserving diffcomorphisms. As a result, 
the dynamical symmetry algebra of quantum incompress- 
ible fluids is given by Wi+oo, which is the quantization 
of area-preserving diffcomorphisms. In this section we 
show that, for a torus topology and for both chiral and 
non-chiral fluids, the dynamical algebra alone is respon- 
sible for the ground-state degeneracy, independently of 
the origin of the gap and that, using the algebra Wi+oo 
[TH , allows to determine the bulk and edge excitations of 
a quantum incompressible fluid. 

We start by noticing that incompressibility implies 
that one may regard the original coordinate space as 
the phase space, i.e. (p, q = x\,X2) since, from Liou- 
ville' s theorem, one knows that canonical transforma- 
tions should preserve the volume in phase space. On 
this space, canonical transformations arc defined as 8q = 
{q,F(p,q)} = OF/dp, Sp = {q 7 F(p 7 q)} = -dF/dq, 
where (xi,X2) are the space coordinates and {,} is the 
Poisson bracket. On a plane, a basis of generating func- 
tions may be given in terms of the complex coordinates 
z = xi + ix2, z = x\ — ix2, as 



(4) 



which satisfy the classical algebra of area-preserving 
diffcomorphisms. On a square torus ( i.e. a torus with 
equal sides 2ir), instead, the generators are given by a set 
of complete harmonics 



Fn m = ex P* { x l n + x 2°n~i 



} 



(5) 



with n, m integers. Thus, at the classical level, one gets 
the algebra {F£,F£} = fix fhF^ +m . 

To quantize this algebra one may consider a generic 
torus of dimensions L x , L y and ( with a pertinent nor- 
malization) assume the following commutation relation 
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where k is a dimensionless constant giving the ratio be- 
tween the volume of the torus and the volume of the unit 



cell in phase space. In the following we assume k = fci/fca, 
with k\ and k^ integers. If one regards -f- as a coordi- 
nate and o Y T 

generators may be written as 



as a momentum in the phase space, the 
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which is the PFl+oo algebra on the torus, also called the 
Fairlie Fletcher Zachos trigonometric algebra [2(| ■ States 
of the quantum incompressible fluid must then fall into 
representations of this algebra. 

To study the representations of the W\ +00 algebra one 
observes that 
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(9) 



thus, the algebra admits a non-trivial two-cocycle and, if 
k = fci//c2, the generator Kk im ,km i- s a Casimir operator 
for the algebra . When k is rational, if one applies the 
generator K m n to a physical state ip{x), one gets 



K„ hn tp(x) = exp 
so that 

im,/cinV 7 (^') 



exp 



i/j(x + 27m) , (10) 



exp 



imK2 



kox 



x exp \imnk\k,2'^\ if>(% + 27rfcin) 

= expi<j> klk2 ip(x) , (11) 

where 4>k^k 2 = 2'nk\k2{mB\ + nOi)- In fact, the action 
of a Casimir operator on the physical state can change it 
only by a phase, which is fully specified by the two angles 
9\ and 62- As a result, one may write the wave function 
as 



ipx 




i6\k2X 
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exp 


L x 



c(p) 
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where c{p) satisfies the quasi-periodicity condition c(p — 
mk2) = exp [i62mkik2\ c(p), as it can be seen by apply- 
ing the Casimir to ip(x). Thus, for each k\, one has k 2 
independent states implying a degeneracy given by kik2 
on the torus while, on a surface of genus g, it is given 
by {k\k2) 9 ■ We have thus shown that incompressibility 
alone leads to degeneracy of the ground state We point 
out that this degeneracy is only a kinematic consequence 
of quantum incompressibility and has nothing to do with 
the dynamical origin of the gap from which incompress- 
ibility arises. 

We will now show how Wi +oc and Wi +OQ ®Wi +oa alge- 
bras arise generically as the dynamical symmetry group 
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of Abelian CS theories and BF theories respectively. For 
the former we focus on the global time-independent sym- 
metries of the CS action since they are the symmetries 
of the configuration space. Quantum states fall then into 
representations of this symmetry group, the action being 
represented by time-independent charges. 

The largest time- independent symmetry group of a CS 
gauge theory is given by global time-independent gauge 
transformations and spatial diffcomorphisms. Since the 
CS action is topological, for compact surfaces, only gauge 
transformations survive. This can be easily seen if one 
recalls that gauge fields behave as a phase space and 
satisfy commutation relations given by [Ai (x) , Aj (y)] = 
(i2n/k)eij5(x — y), where i = 1, 2 label the space coordi- 
nate of the manifold. For CS models defined on manifolds 
with boundaries the relationship with a Wi+oc algebra 
was first established for a torus in [22[, using the equiv- 
alence between a CS model and the Landau problem. 
Here, we follow a different approach and show that, for 
pure CS model, it is possible to relate directly the gen- 
erators of the large gauge transformations with those of 
the area preserving diffcomorphisms. 

We start by decomposing the spatial component of the 
gauge field into global and local degrees of freedom. In 
fact, the contributions of these two parts decouple in the 
action. Following [2l], [23[ we decompose the gauge field 
A into exact, co-exact and harmonic parts as 



A = d<f> + Sx + h ; h 



a 

i=l 



+ ViPi) . (13) 



We restrict ourselves to g = 1 with a and /3 canonical 
harmonic 1-forms of the surface (dual to a canonical ho- 
mology basis). The commutation relations between the 
gauge fields imply that 



ik 



[Vi,Uj)} 



(14) 



with k the CS coefficient. Eq. ([T4"|) tells then that \ an d v 
may be regarded as momenta. Finally, requiring that the 
Gauss law annihilates physical states, one gets a quan- 
tum theory which is gauge invariant under small gauge 
transformation. Thus, the configuration space is reduced 
to a g-dimensional (1-dimensional if, as in our derivation, 
g = 1) space with coordinates u; (i = 1 when g = 1). 

Large gauge transformations u — > u + n: v — > v + m are 
generated by 



d 

U m n = exp ■{ — — tl + 2inkm 
1 ou 



(15) 



gauge transformations can be identified then with the 
generators of Wi +00 . The CS coefficient k measures the 
ratio between the total flux piercing the torus and the 
unit flux; when there is commensurability, namely when 
k = fei/fe, the degeneracy of the ground state is given 
by fei/fe. 

Let us now concentrate on the BF model and show 
how a Wi +OQ <£) Wi +00 algebra arises as the dynamical 
symmetry group of Abelian mixed CS theories describing 
topological superconductors and described by the action: 
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On the torus and let us decompose the forms A and B 
in the exact, co-exact and harmonic part: 

A = d(f>A — *dxA + ua + v/3 , B = d<j)B —*dxB+wa+r/3 , 

where a and ft form a basis of harmonic one-forms, dual 
to a canonical homology basis. The action eq. (fl7|l be- 
come then 



2irk I ru + vw , 

IR 



with commutation relations 



(18) 



(19) 



The generators of large gauge transformations can thus 
be written as: 



U(n, m, t, I) = exp 



d d , , . 

n— h m— 2-Kkvtw + tit) 

aw ou 



and they satisfies the algebra: 



(20) 



U(n 1 ,mi,ti,l 1 )U(n 2 ,m2,t2,h) = 

= U(ni + n 2 , mi + m 2 ,ti + t 2 ,h + h) x 

x exp [i7rfc(ii7i2 + l\m 2 — ri\l 2 — mit^)] . (21) 

We note that for k an even integer the cocycle is always 
trivial. 

This case corresponds to having two incompressible flu- 
ids with coordinates x, and yi [i = A, B) corresponding 
to the two gauge fields A and B and commutation rela- 
tions 



XA(B) VB{A) 

L x 
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2~ixk 



(22) 



with generators 



and satisfy the algebra 

[U m , n , Up^ q ] = 2isin {irk(np - mq)} U m+p . n+q , (16) 

which is nothing else than © with the identification: 
■y- = 2-Kku and -f- = —-^-r-S-- The generators of large 
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gauge transformations can be identified then with the 
generators of Wi +oc <g> Wi +co algebra. 

The generators (|23| can be always be rewritten as: 



with 



+ ,m+ 



K„ 



exp27ri 



exp27ri 



x A 
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L x 

Xb 



+ m_ 



VA 

Ly 
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(24) 
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^From eg. (f2~4")l we clearly see that K n+y „ l+ and K n _ ym _ 
are two sets of commuting operators corresponding to the 
combination ^ + and - ^ . In this case 

we thus have a VFi+oo <X> VFi+oo algebra thereby giving a 
degeneracy on a torus (fcife) x (fcife). This corresponds 
exactly to the degeneracy we expected for a mixed CS 
theory when both gauge fields are compact. In [l5| we 
have however shown that the superconducting phase of 
the mixed CS theory has a ground state degeneracy that 
is only (fcife) because due to the confinement of mag- 
netic vortices one of the two gauge fields behaves as non- 
compact. ^From the point of view of the W\ +OD ® Wi +OD 
algebra, this corresponds to the fact that only one of the 
two chirality survives. 

Superconducting systems allow to realize that, even if 
a ground state degeneracy should be always present due 
to the emergence of a gap (incompressibility) , there is 
still a remarkable difference between models in which the 
gap arises as a result of SSB and models where it origi- 
nates from topology; in fact, for the latter situation, the 
ground state degeneracy is characteristic of the theory 
independently of which phase is realized while, in the 
former situation, the ground state degeneracy appears 
only after SSB. 

There is also another fundamental difference between 
these two superconductors. When the gap arises from 
SSB, the degeneracy is determined by the breaking 
U(l) — s- Z?j: in [l6| the U(l) symmetry is spontaneously 
broken down to Zi by Cooper pair formation and the 
ground state degeneracy is 4; the residual Aharonov- 
Bohm interactions between charges and vortices can be 
described here by an effective mixed CS model with k = 2 
The degeneracy k 2 corresponds, in the topological 
BF model [l5| , to the case in which both topological de- 
fects, electric and magnetic, are in a dense phase. How- 
ever this phase is not allowed dynamically and topologi- 
cal superconductors corresponds to a phase in which only 
an electric condensate is present and the ground state de- 
generacy is k or k\k,2 if k = fci/fe. For instance, since 
planar JJAs are described by a fundamental CS theory 
with two coupled gauge fields Q, one finds that the de- 
generacy on a torus is one for the unfrustrated model, 
which is described by a mixed CS model with CS coeffi- 
cient k = 1, and two for the fully frustrated model, which 
has k = 1/2 @. 



Since the degeneracy on the torus is equivalent to the 
number of particle types @ and the quantum dimension 
of each type of particle is one for Abelian systems, this 
difference in the ground state degeneracy between the 
two superconductors leads to a different topological en- 
tanglement entropy [f^ ] in the ground state, as we will 
show with a more formal argument in the next section. 
In fact topological entanglement entropy is defined as 
[13 -7 = logX> where V = VHT^ is the total 

quan- 
tum dimension and d a is the quantum dimension of a 
narticle of charge a, and for a system with k or k 2 type 
of particles each of quantum dimension d = I, we will 
have 7 = log s/k and 7 = log k respectively. For topo- 
logical superconductors the entanglement entropy is thus 
half of the one of superconductors originating from SSB. 
A measurement of the topological entanglement entropy 
can thus distinguish between the two. 



III. MANIFOLDS WITH BOUDARIES 

On a disk D, the classical generators of area preserving 
diffcomorphism algebra, w™, are given by eq.(j4|). At 
the quantum level the generators of Woo, Wi+oo, V n , are 
characterized [2?J by a mode index n £ Z and a conformal 
spin h = i + 1, and satisfy the algebra: 

[Vl VI] = (jn - imW+L 1 + ?(*. 3, ™, n)V^ + 
• • • •+ cd' lJ S m+1u0 d(i,n) , (26) 

where q and d are pertinent [27| polynomials and c is 
the central charge. The dots stand for a series of terms 
involving the operators V^{^ 1 ~ 2k [2^ |. 

The generators V® are associated to the charge of 
the edge excitations while to the angular-momentum 
modes; they satisfy the Kac-Moody algebra: 



|_ v n 1 v mj 

Iv 1 v 1 ] 

L n ' v m\ 



— nc5 m +n,0 1 

= — mV n+m , 

= (n - m)Vn +m + J^ cn ( n2 - l)<W«,o(27) 



All IFi+oo unitary, irreducible, highest-weight repre- 
sentations have been found by Kac [27| and applied to 
incompressible quantum Hall fluids by Cappelli, Trugen- 
berger and Zemba IfJ. These representations exist only 
for positive integer central charge c = m = 1, 2, . . . and, 
if c = I, they are equivalent to those of the Abelian 
sub-algebra U(l) of Wi +OQ , corresponding to the edge 
excitations of a single Abelian CS theory. If, instead, 
c = 2,3,... there are two kinds of representations, 
generic and degenerate, depending on the weight. The 
generic representations are equivalent to the correspond- 
ing representations of the multi-component Abelian al- 
gebra [/(l).® m having the same weight and correspond 
to the edge excitations of a multiple Abelian CS theory. 
The degenerate representations instead are contained in 
the corresponding J7(I)® m representations, i.e. the latter 
being reducible IF1+00 representations. 
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Let us consider now a CS theory denned on D x R 
(where R accounts for time). It has been shown by Wit- 
ten [28| that this theory may be quantized upon eliminat- 
ing only the degrees of freedom associated to the interior 
of D. As a result, gauge transformations- which, as al- 
ready noticed, may be regarded as diffeomnorphisms [29| 
in a CS model- relate equivalent fields only in the interior 
of the disc, while on 3D they play a role somewhat sim- 
ilar to global gauge transformations. The residual states 
localized on the circular boundary are the CS edge states 
and are equivalent to the edge excitations of a droplet of 
incompressible fluid. Furthermore, the generators of the 
gauge transformation which do not vanish on 3D gener- 
ate a U(l) Kac-Moody algebra isomorphic to the algebra 
of a chiral boson moving on 3D so that, after quanti- 
zation, the edge states satisfy a Virasoro algebra with 
central charge c = 1. It has been shown [ll| that the 
generators of this Virasoro algebra commute with the 
boundary Hamiltonian and correspond to local coordi- 
nates transformations. In the following we show that the 
edge excitations generate not only the Virasoro algebra, 
but the full algebra Wi+oa'. namely, there are more op- 
erators which commute with the boundary Hamiltonian 
but do not generate local coordinates tranformations fllj . 
This new result generalize to manifold with boundaries 
the results obtained for the torus, where the generators of 
large gauge transformations are in 1 -<-> 1 correspondence 
with the one of the FFZ algebra. 

To prove our result let us review some well known 
results for edges excitations Q. Following [2^], if 
one considers gauge transformations satisfying A\gn = 
cxp(iN6)N e Z, the commutators between global 
charges can be written as 

[Qn,Qm] = kNS N +M,0- 

This provides a CS construction of the Fourier modes of 
a massless chiral boson on a circle. The Virasoro gener- 
ators may be written, using the Sugawara construction, 
as 



and satisfy the algebra 



Ln = ^ : Qn-lQl 



(28) 



[L N ,L M ] = (N-M)L N+M + —(n 3 -n)5 N+M ,o , (29) 

with central charge c = 1. As a result, the edge excita- 
tions of a CS gauge theory are described by the chiral 
boson theory j2(. 

To obtain the action for the chiral boson one may start 
from the CS action 0: 



-in 



which, in the gauge Aq = 



k 



ScS — ~. — / Au,tu,va.da.A v , 



Ai = di(j), yields 



See = j- I 3 t (t>d x 4)dxdt , 



(30) 



(31) 



where t is the time coordinate and x is the coordinate par- 
allel to the boundary, which is conveniently parametrized 
as x = R9 with R being the radius of D. The equation 
describes a chiral boson with zero velocity. This is not 
surprising since a finite velocity of the edge excitations 
is a boundary effect, which may be induced by a large 
gauge transformation. In fact, upon fixing the gauge as 
Aqi = A + vA x one gets the action 



See 



k 

4tt 



(3t + vd x ) <j)d x <t>dxdt 



(32) 



Here v is the velocity of the chiral boson. The Hamilto- 
nian derived from eq. (|32[) is given by 



kv 



2-kR 



H = —— / 3 x 4>d x cj)dx ; (33) 
4tt Jo 

the chiral current is given by 

oo 

J = -l/(2n)d x <j> = l/(27r) a n exp(in{9 - vt)) 



n— — oo 



and the generators of the Virasoro algebra may be writ- 
ten as 



[Otn i Q-m I 



7l8 



n +771,0 ? 



^ = I E 



Ctn-lOtl 



1— — OQ 



[L n , L m ] = (n - m)L n+m + ^{n 3 - n)8 n+ „ h0 ,(34) 

with central charge c = 1. 

To get the full VFi+oo algebra one may use the equiv- 
alence between chiral boson and Weyl fermion in 1+1 
dimensions [3(|. The chiral boson is, in fact, equivalent 
[30| to a Weyl fermion tp described by the Hamiltonian: 



H 



kv 



2-kR 



il> (id x )ipdx + h.c. 



(35) 



with ip(9) = l/VREZ-oo el{l ~ 1/2) ° b i- b i and b \ arc 
fermionic creation and annihilation operator satisfying 
{bi, b m } = 5; jTO . In [ll| it was shown that it is possible to 
construct the generators of the Wi+oo algebra in terms 
of these fermionic fields: 



2jt 



d0^{6) : e- m0 {id g ) : ip(6) 



E 



p(l,n,i)b]_ n b n ,i>0 



(36) 



where the normal ordering is done in such a way that 
Vf} = V- n and p(l, n, i) are the ith order polynomials in I. 
These generators satisfy the algebra (f2"rj)l with c = 1 and 
the generators: V®, Vq 1 form the Virasoro sub-algebra. 
The new and, at this point rather simple, remark is that 
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the Hamiltonian (|35[) commutes with all the generators 
([55)) and not only with V® and Vq : 



[V n ,H] = 



(37) 



The CS coefficient k enters the algebra by normalizing 
the operators V® and measures the physical charge of 
the edge excitations since they satisfy the Kac-Moody 
algebra 



[V%,V°] =kn6 n+m ,o 



(38) 



For quantum Hall fluids the CS coefficient of the effective 
theory is given by k = 1/v, where v is the filling fraction 
[l[ and k = 1 corresponds to the filled Landau level. 
Furthermore, determining the spectrum of the operators 
— Vq and Vq allows to establish that the CS coefficient 
k contributes also to the charge Q and the spin J of the 
bulk excitations as Q = q/k and J = q 2 /(2k). 

We want now to analyze the case of the mixed CS 
theory (BF) relevant for topological superconductivity, 
where P-and-T symmetry are preserved, on a manifold 
with boundaries. Our aim is to compute, via the holo- 
graphic partition function [24j . the topological entan- 
glement entropy since this quantity can distinguish be- 
tween model described by a fundamental BF theory from 
model that are described by an effective BF theory like 
the one described in after SSB. States of a Chern- 
Simons theory are accounted for by the conformal blocks 
of a conformal eld theory (CFT). Primary fields of the 
CFT at the edge are in one-to-one correspondences with 
the quasiparticles in the topological phase, and Chern- 
Simons states may be identied with the characters of the 
CFT. Trough the Verlinde formula [25| one can write the 
total quantum dimension T> as 



V 



(39) 



where S® is is an element of the modular S matrix cor- 



responding to the largest eigenvalue [24 

This matrix has been computed in [2£ 
CS theory and we have 



for the mixed 



S 



1 



#/A i 
and modular partition function 



cxp-27ri(/3,/?') , 



Z = ■ 

/3GA/A* 



(40) 



(41) 



Here \& are the characters and are given by the (fcife) 
theta functions that solve the quasi-periodic condition 
that determine the ground state wave functions of the 
BF model with symmetry U(l) x U(l) with both topo- 
logical defects in a dense phase. The lattice A/ A* is a 
lattice whose points correspond to the sectors of the ra- 
tional CFT at the edges (for k rational). (/?,/? ) is a 
quadratic form [26| such that exp — 27ri(0, ) = 1. ^From 



this consideration we see that although formally equiva- 
lent, namely two chiral bosons with opposite chirality, the 
edge theory of topological superconductors and supercon- 
ductors arising from SSB leads two different topological 
entanglement entropy. In fact for the former we have, 
in the superconducting phase only (fcifc2) independent 
theta functions with a topological entanglement entropy 
7 = logfc, while the latter has (fci^) 2 independent theta 
functions and thus a topological entanglement entropy 
7 = 2 log k. 

The algebra of the edge excitations for PT invariant 
incompressible fluids with a gap arising from SSB was 
analyzed in Due to the PT-invariance, the algebra 
is still the direct product of two Wi+oc algebras of op- 
posite chirality, but one has to take into account that, 
as a result of the fact that the U(l) gauge symmetry 
is spontaneously broken, the charge ceases to be a good 
quantum number in the ground state of the broken phase. 
Since the quantum Wi +OD algebra contains a U(l) Kac- 
Moody current V®, one can identify the electric charge 
current with the diagonal vector current V® + V® . This 
Kac-Moody symmetry has to be divided by the dynam- 
ical symmetry group, yielding the a coset algebra given 
by 



W 



W 1+oa <g> w 1+c 



(42) 



iagonal 

while for gap of topological origin we will have: 

W = W 1+QO ® W 1+oc . (43) 

It should be noticed that, for c > 2 for both (g2J) and |g5J) , 
there are [l9| ground states with the residual dynamical 
symmetry 



W = W„ 



W„ 



(44) 



where W m is the Fateev, Lykyanov, Zamolodchikov alge- 
bra [3l[ in the limit Cw m —tm — 1. These ground states 
describe unconventional superconductors whose excita- 
tion spectrum consists entirely of neutral, spinon excita- 
tions with non-Abclian fractional statistics and SU(m) 
isospin symmetry It should be observed that the SU(m) 
symmetry of these excitations is different from the usual 
symmetry of, say, the quark model of strong interactions 
[32| since spinons do not come in the full SU (to) multi- 
plets but, rather, only the highest-weight state is present. 
However, they combine according to the usual SU (m) fu- 
sion rules, which explains the non-Abelian character of 
their monodromies. 

The examples discussed above clarify the fact that 
charge-spin separation and non-Abelian statistics are 
universal properties of 2D superconductors emerging only 
from incompressibility; the way in which incompressibil- 
ity ( the gap) emerges- from topological order or SSB- 
affects, in fact, only the algebra of the edge excitations 
of the 2D incompressible fluid. It should by pointed out, 
however, that topological superconductors, described by 
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Abelian mixed CS term, correspond to the generic rep- 
resentation of the Wi +oc algebra. It has been pointed 
out in [IH that, when an extra Z 2 symmetry is added, 
namely when the mixed CS term has a U(l) x U(l) x Z 2 
symmetry the excitations have non-Abelian statistics. 
Possible applications to topological superconductors are 
under investigation. 

IV. SUMMARY AND CONCLUDING 
REMARKS 

In this paper we showed that, for superconducting sys- 
tems with non trivial topologies, incompressibility alone 
suffices to guarantee both a ground state degeneracy and 
fractional statistics. 

More important, we showed that the ground state de- 
generacy encodes relevant information about the micro- 
scopic mechanism originating the superconducting gap. 
In fact, when the gap emerges from SSB, the degener- 
acy is determined by the symmetry breaking U(l) — > 
Zn and, thus, the Aharonov-Bohm interaction between 



charges and vortices is described by an effective mixed 
CS model with degeneracy (k\ x k 2 ) 2 if k = k 1 /k 2 is 
the CS coefficient. At variance, in the superconduting 
phase of a topological superconductor described by the 
BF model, there is only an electric condensate and the 
resulting ground state degeneracy is given by k\k 2 . This 
difference in the ground state degeneracy implies that 
the entanglement entropy of topological superconductors 
is half the one of standard superconductors. A measure 
of entanglement entropy may thus distinguish between 
the two different mechanisms giving rise to superconduc- 
tivity. 

Finally, since the BF model introduced in [j| describes 
also supcrinsulators in terms of a parity and time rever- 
sal invariant topological model, one may wonder if the 
analysis carried in this paper may be relevant to charac- 
terize relevant features of topological insulators [H| also; 
a topological insulator being a material which, while be- 
ing an insulator in the bulk, allows for the motion of 
charges at its boundary yielding edge states which are 
topologically protected due to time-reversal invariancc. 
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